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ABSTRACT

The concept of smooth manifolds is a
fruitful generalization of the surfaces in the
Euclidean space. This concept is widely used in
general relativity to generate different space-
times. A space-time is pictured out as a 4-
dimensional Lorentzian smooth manifold. Thus,
the study of the geometry of smooth manifolds
as well as space-times is of particular interest and
has become a favorite topic for mathematicians
and physicists. In this paper, we give some of the
necessary background in differential geometry,
relativity, and cosmology. This background is
essential in the whole thesis. First, the concepts
of differentiable as well as Riemannian
manifolds are investigated. Then, we introduce
the concept of warped product manifolds.
Finally, as a special case of warped product
manifolds, we study the geometry of generalized
Robertson-Walker space-times. Einstein
manifolds and their generalizations are
considered. Also, Einstein-like manifolds are
investigated.

© 2024 Modern Academy Ltd. All rights reserved

1. Introduction

Let M be a differentiable manifold and T,M be the tangent space at a point p € M. Let

9p: Ty_M X T,M — R be an inner product for each peM, that is, for every n,,9,, @, € T,M and

r € R the following properties hold.

1.(Symmetric) g, (1M, 9p) = Gp(9p,Mp);

2.(Bilinear) gp(r]p + ﬂp,wp) = gp(np,wp) + gp(ﬁp,wp),gp(rnp,ﬁp) =19, (1Mp,9,); and

3.(Positive-definite) g, (1,,1,) = 0 and g, (np,n,) = 0 if and only if n, = 0.

Let X(M) be the tangent bundle on M whereas the set of all smooth real-valued functions on M

is denoted by F(M). A Riemannian metric on a manifold M is a map g: X(M) x ¥(M) - F(M),
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defined by (g(,9)), = g,(mp,9p) Where g,(n, 9,)is an inner product on M at p. A
Riemannian manifold is a differentiable manifold M equipped with a symmetric, bilinear positive-

definite metric g. If condition (3) is replaced by
(Non-degenerate) gp(np,ﬁp) = 0 for all ¥, implies n,, = 0,

that is, g is symmetric, bilinear and non-degenerate, then g is called a pseudo-Riemannian metric.
A pseudo-Riemannian manifold is a differentiable manifold with a pseudo-Riemannian metric g.

It is clear that g(n, ) is a smooth real-valued function on M whose value atp € M is g, (np,ﬁp).

A vector field n on a pseudo-Riemannian manifold M is called space-like if g(n,n) > 0, light-
like if g(n,n) =0 and time-like if g(n,n) < 0. It is practical to arrange the vectors on an
orthonormal basis with the negative indications at the top. Let r be the number of such vector

fields. The signature of a metric tensor g is (r,n — r). It is noted that r is the number of negative
9
oxJ

) and {i:i = 1,2,...,n} is a basis

eigenvalues of the metric tensor (g;;) where g;; = g(%, o

of vector fields. For example, the signature of a Riemannian metric is (0,n) and of pseudo-
Riemannian is (r,n — r) where 0 < r < n. A Lorentzian manifold is an important special case of
pseudo-Riemannian manifolds of signature (1,n — 1). The space-time of general relativity has a
metric tensor of signature (1,n — 1). In local coordinates, one may write the metric tensor as

follows

a 0
gij = g(ﬁ,ﬁ)

where {ai-i = 1,2,...,n} is a basis of vector fields. This matrix (g;;) has an inverse (g*/) such

xt’

that
6ji — gkjgik'
where 5} is the Kronecker delta and defined by,

L (@=)
0 (@#))

For a pseudo-Riemannian manifold with dimension n, we have

8 ={
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2. Covariant derivative

A linear connection ¥ on M is a function V: X(M) x X¥(M) — X(M) denoted by V9, such
that for each n,9,w € ¥(M) and f € F(M),

17,0 +w) = 0 + V@,
2.Vpow = o + Vyw,
3.Vend = V9, and

4.V, (f9) = fV,9 + (nf)Y.

The expression 7,9 is read as the covariant derivative of ¥ in the direction of . Now, suppose
that 7 is a linear connection on a Riemannian manifold M, then V is called metric connection if

the following condition holds for every n,9, @ € X(M)
ng(¥, @) = g, w) + g, o),

where g is the metric on M. Also V is said to be torsion free (or symmetric) if the torsion tensor
T(n,9) = V9 —Vyn — [n,9],

vanishes for any two vector fields n and 9. For a smooth manifold M, a linear connection
V:X(M) x ¥(M) — ¥(M) is said to be Riemannian (or Livi-Civita) connection if it is

Ltorsion-free i.e., V9 — Vyn = [1,9], and
2.Riemannian compatible i.e., ng (9, w) = g(V,9, @) + g(¥, ,@).

A torsion-free Riemannian compatible linear connection is unique. The covariant derivative of
bases vector fields are
Va i. = Z ¥ i,
57 0% k J oxk
where I“i}‘ is called the Christoffel symbols and it is defined as

1
I—;;( = Engkr(gri.j T Grji — gij,r)'

where , means the partial derivative.
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3. Curvature

One of the most productive ideas in differential geometry is the concept of curvature. It expands
on the surfaces' Gaussian curvature. This concept is an useful geometric tool which measures the
divergence of a manifold M from being Euclidean. The Riemannian curvature tensor R of a
Riemannian manifold M is a correspondence that associates to every two vector fields n,9 €

X(M) a mapping

R(1,9): X(M) x ¥(M) X X(M) — X(M)
given by [1]

R(m, 9w = VyVyw — V,Vyw + V9@,

for each w € X(M). For a Euclidean space the curvature is exactly zero, that is, R(n,9)w = 0 for
all vector fields n, 9 and @ tangent to the Euclidean space. R is commonly recognised to have the

following characteristics.

1.The Riemannian curvature R is bilinear on X(M) x X(M), that is, for f,g € F(M) and
N1,M2,91,9, € X(M), we get

R(fn1 + gnz2,91) = fR(M1,91) + gR(n2,91),
R, fO1 + g92) = fR(M1,91) + gR(11,02).
2.Ris linear i.e. forn, 9, @, T € ¥(M) and f,g € F(M) , one gets
R(m, 9)(fw + gT) = fR(m, )@ + gR(n, 9)T.
3.Foreach n,9,w € X(M), itis
R(m, 9w+ RW,w)n + R(w,n)d = 0.
This identity is called the first Bianchi identity.
4.For eachn,9,w € X(M), itis
R(m,9)w = —R(Y, w)n.
In local coordinates, the components of a Riemann curvature tensor R7j;, of a Riemannian

manifold M of n-dimension are defined as

CINCINY -3 wp 9
(axi'axf dxk ~ Luy, Ykgxm’

where

RY i = 0L — 0;Tk + L i — TRt G-
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The Riemann curvature tensor's aforementioned characteristics can be represented in local

coordinates as follows:
Riiljk = —Rﬁq,
Rfij + R + RS, = 0.
Let's introduce the useful identities of the tensor R(n,9,w,T) = g(R(n,¥)w,T). It is anti-
symmetry in the first and last two positions i.e.
R(m,Y,w,T)=—-RWO,n,@T)=—R(n,9,T, ).
The initial Bianchi identification is valid, that is,
R(n,9Y9,w,T)+ R®,w,nT)+ R(w,n9,T) =0.
Finally, it is symmetric when the two vector fields are exchanged, that is,
R(n,9,w,T) = R(w,T,n,99).
We can define a (0,4) tensor locally as
Rnije = gruR"ji

The characteristics of this curve mentioned above have the following form. The anti-symmetries

are shown as
Rpijk = —Rinji Rpijk = —Rhnikj»
while the initial Bianchi identification is provided by
Rpijic + Rijnk + Rjnix = 0.
Finally, Rp;jx is symmetric when the two idicies are exchanged. i.e.
Rpijk = Rjkni-
Now, it makes sense to condense the Riemann curvature tensor to produce a few new tensors.

There is effectively just one contraction, called the Ricci tensor, Ric, because of the symmetries

of the Riemann curvature tensor R. The Ricci tensor is defined as

Ric(n,9) = X} 9" g(R(n, €)Y, e),
where e ,e,, ..., e, be an orthonormal basis for T,,M [1]. The Ricci curvature tensor in the local

coordinates is given by
Rij = R = 9™ Rpijk-

The symmetries of the Riemannian curvature tensor implies that the Ricci curvature tensor is a

symmetric (0,2) tensor. It is
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— pk _ hj — hj — pk _
Rij = Ry = 9" Rpijk = 9" Rjkni = Ry = Ry

A scalar curvature R is produced by a new contraction of the Ricci curvature tensor. The scalar

curvature is given by
Manifolds of constant scalar curvature are those in which R is constant while manifolds with R;; =

0 are called Ricci flat. It is evident that the scalar curvature of a Ricci flat manifold is zero.

4.  Warped product manifold

Warped product manifolds are important both in differential geometry and mathematical
physics, particularly in general relativity. This notion is a useful generalization of a Riemannian
product manifold. Several writers have long investigated these warped product manifolds [2].
Bishop and O.Neill original introduced warped product manifolds in [3]. They made use of them
to produce negative sectional curvature manifolds. Many space-times are depicted as Lorentzian
warped product manifolds, with a one-dimensional base serving as the time coordinate and
Riemannian fibre offering the spatial coordinates. O.Neill in [1] is the section’s primary reference,
unless otherwise specified. Let (M, g) and (M, §) be two pseudo-Riemannian manifolds with
dimensions dim M = 71, dimM = fiand let f : M — (0; 1) be a smooth positive function on M.
Consider the product manifold M x Mwith its natural projections m: M x M - M and 1 :
M x M - M. Then the warped product manifold M = M x, M is the product manifold M x M
furnished with metric g = g @ f24. The manifold M is called the base manifold of M whereas M
is called the fiber manifold of M [2, 1]. A warped product M = M X M is called trivial if the
warping function is constant. In this case, M = M X, M is the Riemannian product M = M x M;,
where [\7If is the manifold M equipped with metric 2§, which is homothetic to §. The function
f o m defined on M x M is called the lift of the function f to the product M x M. Letp € M, q €
M, and 77 € T, M. Then the unique vector € T, (M x M) such that *(n) = 1 is called the lift
of the vector field 77 to M x M. In this thesis, we use the same notation for a vector field and for
its lift to the product manifold. Let 7 be the Livi-Civita connection of the warped product M X M.
Let ¥ and 7 be the Livi-Civita connection of M and M respectively. Then the Livi-Civita

connection on M is given in the following result.
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Proposition:-
Let n,9 € X(M) and V, W € X(M), then the Livi-Civita connection ¥ on M = M x M; is given
by

1,9 = 7,9 € X(M),

2.V =Wm=n(nf)V =V(n f)n, and

3.V, W = V,W — fg(V,W)(gradf).

Leta,b,...€ {1,...,1} denote the basis vector fields a/axa , a/axb ,...on aneighborhood Uof the
base manifold M whereas «,f,...€{n+1,...,n} denote the basis vector

fieldsa/axa , a/axﬁ ,...on a neighborhood U of the fiber manifoldM. Likewise, i, j,...€ {1,...,n}

denote the basis vector fields a/axi’a/axf"" on a neighborhood U x Uof the warped product

manifold. The local components of the metricg = g Xz §, F = f* are gap = Jap, 9gaj = 0 and
Jap = Fgap. The local components I}-j—‘ of the Livi-Civita connection on the warped product M =
M x M are as follows

=G I =1,

a

Iy, = _1/2 G FyGap,

v = 1/op Fadf,

where F, = 0,F = aF/axa. Let R and Ric be the Riemannian curvature tensor and the Ricci

curvature tensor of the warped product M x, M, respectively and let R and Ric be the Riemann

tensor and the Ricci curvature tensor of M, respectively. Likewise, let R and Ric be the Riemann

tensor and the Ricci tensor of M, respectively.

The curvature of the warped product manifold M = M X¢ Mis given in terms of the curvatures

on the base R and on the fibers Ras follows:

Proposition: - Let M = M Xf M be a pseudo-Riemannian warped product manifold. If n,9, @ €

X(M)and U,V,W € X(M), then

1.R(n,9)w = R(n,9w € X(M),

f
2R, V)9 = @V,
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3.R(m, 9V =R(V,W)n =0,

4R, VIW = —fg(V,W)V,(gradf), and

5.R(V,W)U = RV, W)U — g(Vf,VH{GV, D)W — (W, U)V}.
The local components of the Riemannian curvature tensor R;j,; of the warped product M =
M X M are given by [4, 5]

Ravea = Rapcar

1 — ~
RaBVS = FR(XE]/6 - ZAFGOCﬁ]/é"

-1 ~
Raabb’ Yy Tabgaﬁ'

where AF = G F,Fy, Gupys = Jayps — Gasdpy and Ty, is a (0,2) tensor and its local
components are Ty, = V,F, — %FanF, and Top = Tqe = 0. The Ricci curvature tensor Ric of

the warped product M = M X¢ M using the Ricci curvature tensors Ric and Ric is considered in

the following proposition.
Proposition: - Letn,9 € X(M) and V, W € X(M). Then the Ricci curvature of the warped product
M=Mx;Mis
1.Ric(n,9) = Ric(n,9) — n/f H' (n,9),
2.Ric(n,V) =0, and
3.Ric(V,W) = Ric(V,W) — f G(V,W), where f* = fAf + (i — Dg(Vf,7f).
Locally, the Ricci curvature R;; of the warped product M = M x M has the following components

[4, 5]

Rap = Rap — n/ZF Tapy  Raa =0,

-1 - —

Rep = "'aﬁ —(1/2)[tr(T) + ?AF]gaﬁ, where tr(T) = g*T,,,. Finally, the scalar curvature

of the warped product M = M X M is R = R+ (1/p)R — (Y/p)[tr(T) + (%)AF] [6, 5].
5. Generalized Robertson-Walker space-times

A generalized Robertson-Walker space-time, also abbreviated as GRW space-time for
simplicity, is a well-known illustration of a warped product manifold. It is a generalization of the

traditional Robertson-Walker space-time, abbreviated RW for short. The Lorentzian warped

product M =1x; M of a (n— 1) —Riemannian manifold (M, ) and an open connected
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subinterval I of R with the metric g = —dt* @ f%g, is a common representation of an n-
dimensional GRW space-time, where dt? is the Euclidean metric on I and f is a smooth positive
function. If the base manifold M is n —dimensional and has constant curvature, then the space-

time becomes RW space-time. It is noted that any RW space-time is a perfect fluid space-time [1].

The Levi-Civita connection ¥ on GRW space-time may be easily derived from its metric as
follows. Let M =1 X, M be a generalized Robertson-Walker space-time furnished with the metric

tensor g = —dt* @ f*g. Then

Vatat = 0,

f

V9 = V9 + ffgn9)ot,

for any vector fields n,9 € X(M) where V is the Levi-Civita connection on M and the above dot

indicates differentiation with respect to t. The Riemannian curvature tensor R of M is

R(dt,dt)n = R(dt,dt)dt = R(n,9)dt = 0,

R(nanae = L,

R(n,0t)9 = ffgmn,9)ot,

R(n, 9w = RMm, 9w + f2{gn,@)9 — §O, @)n}.
The Ricci curvature tensor Ric of M is

Ric(dt,dt) = —'}—f

Ric(n,0t) = 0,

Ric(n,9) = Ric(n,9) — fG(n,9), where f* = fAf — (i — 1)g(Vf, Vf).
Example

The Friedman-Robertson-Walker metric describes a general homogeneous and isotropic
universe. In a general form1 it reads: ds®> = —c?*dt* + f2da?, where

do? = —
A+

(dn? + n?*(d9? + sin*9d¢?)).

Thus, we can rewrite the metric in the following form

1
k22
@+

ds? = —c?de? + f2 (dn” +n?(d9? + sin*9d¢?))},
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with f = f(t) being an arbitrary function of time only and do* being a metric of a 3-space of
constant curvature. A dot denotes differentiation with respect to ¢, e.g. f = %. For simplicity,
we will consider f* = F.

1

—_— 0
(A+5n%)
: Ui
Itis clear that g, = —c?, g;j =| O (rky 0 Lj=mn79¢.
0 n%sin®9
A+in?)? |

Let us now evaluate the non-zero components of Christoffel symbol:

1 1 ., f 9 f
Ty = 35 Fed) =552ff =5 T5 = T4 =5

2f2 tp g

-1 . 16ff
fin =7 9"Fdn = 2G5 iy

-1 . 16f fn?
5o = > " Fedos = (4 + k)2’

. -1 16f fn2sin®9

Ihp = - 9 Fedpp = (4 + kn?)?’
rn = fpn = Lomeg 5 5 _ Tl  _ T2kn
m =t T 59 (G t Gy = Grmn) = > 97 Gma = g + kn?’

- 1 _ _ -1 n(kn* — 4)
Tyo = Ty = Egrm(gﬁﬂﬂ + Gnoo = Goon) = 79""91919,71 T 4+ kp?

[ s s =l psin®d(kn — 4)
o6 =190 =597 Gong + Gnoe — Goon) = 59" Jpgn = :

4 + kn?
1 1 4 — kn?
¢__~¢¢~ ~ = _ =~ _
r.. = = =
o = 297 @oon + Gnos = Gnes) = 39" Geon = Gy
1 1 4 — kn?
I_,,9 — 995 ~ o~ — 590 5 — -
o =59 Goon + Gnoo — Gnoo) =589 Goon G+ ko’

1 1
Fﬁ?ﬁ = §9¢¢(g¢¢.ﬁ + Jop.p — Gogp,p) = §g¢¢g¢¢,ﬁ = cot?,

9 _ 1 90~ 5 5 —Loos j
I"¢¢ — Eg (g¢19'¢ + 919¢,¢ — g¢¢,19) = Tg g¢¢'19 = —sindcosd).

The non-zero components of the Riemann curvature tensor are given as:

-1 -1 _ 1 —16ff
Rtntn = 7Tttg7m = Tan[VtFt - ﬁFtFt] = m'
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-1 -1 _ 1 —16f fn*sind
Rtntn = 7Tttg¢¢ = 7g¢¢[VtFt - ﬁFtFt] = W'

-1 -1 _ 1 —16ffn?
Rigre = TTttgﬁﬁ = 7g00[VtFt _ﬁFtFt] = m .

Since the fiber manifold is of constant curvature, we can thus use the following relation
Rygne = klGmIee = Gnednel = kdnnJee

then

_ 1_ . D
Rygng = FRypng — ZAFGWW = FkgmJee — 4 [gttFtthnng¢¢]

2n2sin®9(f% + kc?)

=2
>6 c?(4 + kn?)*

Similarly, we can find Ryg9pand Rygng Dy the same strategy

- 1_ L 1, L
Rypop = FRopop — ZAFGMM =FkJosGepp — Z [GecFeFeo9 G

B 256f2n4sin219(f2 + kc?)
Bl c2(4+kn?)* 7

P (f% + ke?)
c2(4+ kn?)* -

- 1_ . I 1. U
Ry9no = FRygno — ZAFGWW = FkgnynJoo — 4 [gttFtthnngﬂﬁ] = 256

The non-zero components of the Ricci tensor are given as:

. A 1 f
Rt = Ry — 2F [VeFe — Z_sztFt] = _317-

~ o n—1_., N
er = er - 2 (9" T + F g FtFt]gnn-

Since the fiber manifold is of constant curvature, thus it is Einstein. Therefore, we can use the

following relation R, = 2k gy,.

Thus,

2k Ff +2f2
4 ff+2f

(1 +k 2) c2 (1 +§n2)

R

B 1 . fl 1—tt 5
m = Zkgnn_7 G Tyu+—549 FtFt]gnn:

_16(ff +2(f* + ke?)
PG+ kn?)?

Similarly, we can find Ry, and R,
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. 1 Ai—-1_ _ ff+2(f2+kc?
Roy = Rog — 5 [§" Ter + —— G FeF1Gge = 1617 2+ kE

2 2F

Ff+2(f% + kc?)
A4+ kn®?

B - n-1_, ~ 22

The scalar curvature:
R= gUR;; = g" Ry + g"™Ryy + g% Roo + 9®P Ry

2 2

k k .
¢ 145712 F 2 2 1+ 5n? (Ff+2(f?+ke?)
_ _%(_3]:)_'_( 71 ) (16 ff+2(f" + ke )>+( 27 ) <16772 CACTTOE )

f f? c2(4 + kn?)? f*n?
k 5\ . : y
(1+37%) tepaizg U F 2K B fF 20+ ke?)
?n?sin®9) 1 (c2(4+kn®)?2 ) c2f c2f
ff+f%+kc?
=67

6. Standard static space-times

A standard static space-time is the Lorentzian warped product manifold M = Ir X M equipped
with the metric g = —f?dt*> @ g, where f is a smooth positive function on M, (M, g) is a
Riemannian manifold and I is an open connected subinterval of R [7]. The Livi-Civita connection

Von a standard static space-time M is given by [8]

Vaedt = fVf,

Vsen = n(ln f)ot, and

n9 =79,

for n,9 € X(M), where ¥ is the Livi-Civita connection on M.

Now, we should know the curvatures of the standard static space-time. The Riemann curvature

tensor R of M is given as follows
R(dt,0t)dt = R(n,Y)0t = R(dt,dt)n =0,

R(n,0t)ot = —fV, gradf,
1
R(t,n)9 = ]—er(n,ﬁ)at, and

R, 9w = R(n,9)w,
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for n,9,@ € X(M), where R is the Riemannian curvature tensor on M and H'(n,9) =
G(V,gradf,9) is the Hessian of f.

The Ricci curvature tensor Ric of M is
Ric(dt,0t) = fAf,

Ric(n,dt) = 0,and
_ 1
Ric(n,9) = Ric(n,9) — ?Hf(ﬂ,ﬁ)’

where A f is the Laplacian of the f on M.

7. Einstein manifolds

The notion of warped product manifolds is a central theme in both mathematical and
physical literature. It has been investigated for a long time. Curvature conditions including
Einstein, locally symmetric, Ricci symmetric, and semi-symmetric warped product manifolds have
received particular attention among several investigations. These circumstances have been studied
in depth, and certain significant generations of Einstein manifolds are taken into consideration. A
quick review of the most well-known results is taken into account in this section. The quasi-
Einstein manifolds, which Chaki developed, are one of the most significant generalizations of such
manifolds [9]. The quasi-Einstein manifold is defined differently by Chaki than it was previously
in [10]. In general relativity literature, Lorentzian quasi-Einstein manifolds are occasionally
referred to as perfect fluid manifolds. A manifold M is said to be Einstein manifold if its Ricci

tensor is satisfied is well known
Rij = agyj,
where a = S is a constant. In this thesis, the Einstein manifold and its generalization are thoroughly

investigated. The most basic Einstein manifolds are Ricci parallel manifolds. Any generalizations
of Ricci parallel manifolds are hence generalizations of Einstein manifolds. The covariant
derivative of the Ricci tensor was thought to be an invariant decomposition by Gray in [11]. Seven
Einstein-like metrics subspaces are produced by this decomposition. The idea of Einstein
manifolds has undergone numerous generalizations that have been suggested and researched by
numerous authors. Quasi-Einstein manifolds are the first generalization of the Einstein manifolds
denoted by (QE),. In a (QE), manifold M, the Ricci tensor R;; has the form

Rij = agi; + BAiA;
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where a, 8 are constants and A is a non-zero 1-form [12, 9, 13], metrically equivalent to a vector
field A on M, that is, A(n) = g(A, n) for any vector field n. In the literature on general relativity,
Lorentzian quasi-Einstein spaces are referred to as perfect fluid space-times when At is a unit time-
like vector, that is 4;A° = —1. Several mathematicians have devoted a great deal of time to
studying quasi-Einstein-warped product manifolds. For instance, Dumitru examined quasi-
Einstein warped product manifolds in [14]. As he studied, he acquired knowledge of the scalar
curvatures R and the form of the Ricci tensor R;; of the bases and fibres. Moreover, it is
demonstrated that, in some circumstances, a quasi-Einstein warped product manifold reduces to a
Riemannian product. The generalized quasi-Einstein manifolds are the second generalization of

the Einstein manifold (denoted by G (QE),). The Ricci tensor R;; of this manifold is as follows
Rij = agij + ﬁAlAj + )/BiB',

where a, 8,y are constants and A, B are non-zero 1-forms [15, 16] metrically equivalent to two
vector fields A, B respectively. A and B are called the generators of the manifold. Pal and Mallick
in [6] investigated generalized quasi-Einstein warped product manifolds. Generalized quasi-
Einstein manifolds have been defined in a wide variety of ways in the literature. For instance, in

[17, 18] a generalized quasi-Einstein manifolds has a Ricci tensor of the form

where a, 8,y are constants and A, B are non-zero one forms. A mixed generalized quasi-Einstein
manifold (denoted by MG (QE),,) is the next generalization of the Einstein manifolds, his Ricci

tensor is non-zero and satisfies
where p, g, A, ¢ are constants and A, B are two orthonormal 1-forms [19, 20, 21,22].

In terms of the warping function and the geometries of the factor manifolds, the geometry of the
warped product of two pseudo-Riemannian manifolds is carefully examined (see [23, 24]). The
super generalized quasi-Einstein manifolds are the next generalization of the Einstein manifolds,
(denoted by SG(QE);,). In these manifold the Ricci tensor is

where a, 8, v, § are constants, A, B are non-zero 1- forms and D;; is a (0,2) symmetric tensor [25].
In [6] super generalized quasi-Einstein warped product manifold was taken into consideration. The
authors gave a super generalized quasi-Einstein space-time illustration. Mixed super generalized
quasi-Einstein manifolds are the last generalization of the Einstein manifold, (denoted by
MSG(QE),,) has a Ricci tensor of the form
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where a, 8,y, 8, € are constants, A, B are non-zero 1-forms and D;; is a (0,2) symmetric tensor. B.
Pal and A. Bhattacharyya investigated warped product mixed super generalized quasi-Einstein
manifolds in [26]. In these manifolds, the expressions of the Ricci tensors and the scalar curvatures
of the bases and fibers are found.

8. Einstein-like manifolds

In 1978, Alfard Gray shown that the gradient of the Ricci tensor Vi R;; can be decomposed into
O(n) invariant terms [11] (for further details see [27, 28, 29, 30, 31]). The decomposition of the
gradient of the Ricci tensor gives O (n) invariant subspaces. These generated subspaces are called
Gray's decomposition subspaces. Each subspace has a characteristic equation that is linear in

ViR;;. Manifolds lie in these subspaces are called Einstein-like manifolds.

Case 1 Gray's trivial subspace
The manifolds in the trivial subspace have parallel Ricci tensor, that is, Vi R;; = 0.

Such manifolds are called Ricci symmetric manifolds.

Case 2 Gray's subspace A
In Gray's subspace A, the Ricci tensor is Killing, that is, V;Ry; + Vi R;; + ViRy; = 0.
A contraction of the foregoing equation is given V,R = 0,

this means that a manifold belongs to this subspace having constant scalar curvature.

Case 3 Gray's subspace B

In Gray's subspace B the Ricci tensor is of Codazzi type, that is, Vi R;; = ViR,

A contraction with g¥/ implies VR = 0.

Case 4 Gray's subspace A@B

Gary's subspace A@B is distinguished by VR = 0.
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Case 5 Gray's subspace |

The gradient of the Ricci tensor in Gray's subspace | has the form

m-Dm+ IR G Dm+ 2

VkRij = R+ > glkV]R

" v
(n—1)(n—2) Ju'*

This equation implies that the conformal curvature tensor C is divergence free. Hence, we have

ViRij — ViRy, = [9ijViR — 9ikV;R].

1
2(n—1)

A manifold belongs to subspace I is called Sinyukov manifold [32].

Case 6 Gray's subspace 1B

In Gray's subspace 1B, the tensor H;; = R;; _%gﬁ' is of Codazzi type. That is, the

following equation holds

1
ViRij — ViRy, = =1 [9i;VkR — gikV;R].

Case 7 Gray's subspace 1A

Gray's subspace 1A possesses a space-time whose Ricci tensor is conformal Killing, that is,

20, R 20,R 27:R
ViRij + ViRy; + ViRy, = 3290 + 9k +n—+29ik-

Recently, the warped product manifold is studied in these subspaces. For example, C. A. Mantica
and S. Shenawy in [30], studied Einstein-like warped product manifolds. They proved that the
fiber Mof the warped product manifold M = M x M has the same Einstein-like class type of the
warped product M, while the base manifold Mhas the same Einstein-like class type of M by

imposing a sufficient condition on the warping function [30].

Again, C. A. Mantica et al [33] studied the GRW space-times in Gray's subspaces and they got
the form of the Ricci tensor in each subspace. They proved that the Ricci tensor is either Einstein

or takes the form of a perfect fluid space-time in all subspaces except the subspace A@B.

9. Doubly warped product manifold

Products that are doubly warped are generalizations of things that are single warped. In the form

of warped product manifolds, Beem, Ehrilish, and Powell discovered that there exist numerous
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exact solutions to Einstein's field equation. Since then, singly and doubly warped product
manifolds have been more crucial than ever to both physicians and mathematicians. Lorentzian
doubly warped product manifolds were examined by Beem and Powell in [34]. Allison
investigated the pseudo-convexity, hyperbolicity, and causal aspects of doubly warped product
manifolds in [35, 36, 37]. In addition to conformally flat and conformally recurrent doubly warped
product manifolds, Gebarowski also took into account doubly warped products with harmonic
Weyl conformal curvature tensor in [38] and [39, 40]. The geodesic completeness of Riemannian
and Lorentzian doubly warped products was studied by Bulent Unal [41]. Also, he used a doubly
warped product fiber to study the hyperbolicity of generalized Robertson-Walker space-times.
Unal considered various findings regarding conformal vector fields of doubly warped products in
this study. Several authors in a variety of contexts, including M. Faghfouri and A. Majidi in [42],
Olteanu in [43], Selcen Perktas and Erol Kilic in [44], and many more, have also investigated
doubly warped product submanifolds. Lorentzian doubly warped product manifolds are a good
illustration of doubly warped product space-times. These space-times are intriguing because they

lead to a large number of precise solutions to Einstein's field equations.

Let (M;, g;,D;) be two (pseudo-)Riemannian manifolds with metrics g; and Levi-Civita
connections D; and let f;: M; — (0,1) be a positive function where i = 1,2. Also, suppose that
mi: M, x M, — M; is the natural projection map of the Cartesian product M, X M_ onto M; where
i =1,2. The (pseudo-)Riemannian doubly warped product manifold M = M, x; M, is the
product manifold M = M, x M, furnished with the metric tensor g = (f; o m;)*n;(g,) @ (fi °
1)1 (g,), where = denotes the pull-back operator on tensors. The functions f;, i = 1,2 are called
the warping functions of the warped product manifold M. In particular, if for example f, = 1, then

M = M, x; M, is called a (singly) warped product manifold. A singly warped product manifold
M, x¢ M, is said to be trivial if the warping function f; is also constant [44, 45, 41] and [42, 39,

46]. The Levi-Civita connection D on M = M, Xy M, is given by

Dym; = nin fn; +n;n fi)n,,

2

o |
D, ¥; = Dy 9; _#gi(ni'ﬁi)vj(ln fi)
l

where i # j and n;,9; € ¥(M;). Then the Ricci curvature tensor Ric on M is given by

, . n; fi fj0
Ric(n;,9;) = Ric'(n;,9;) — FH i, 9;) — f_zgi(nirﬁi)»
i i

Ric(m;,¥) = (n—2)n(In f)9;(In f),

where i # j and n;,9; € X(M;).
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